I. INTRODUCTION
T HE design of VLSI architectures for implementation of the fast Fourier transform (FFT) has been of great interest. Various types of pipelined FFT architectures have been presented. They include pipelined-serial [1] - [12] and pipelined-parallel [12] - [19] architectures. The inherent hardware inefficiency of the serial architectures is due to the fact that the input signal of an N-point FFT can be sampled in N cycles whereas the butterfly operations can be computed in N/2 cycles. Therefore, butterflies are only used half of the time, i.e., they have 50% hardware utilization. This inefficiency does not exist in parallel architectures where the N samples are processed in N/P clock cycles and the N/P butterflies are computed in N/P clock cycles, where P is the number of parallel samples. This achieves full hardware utilization of the butterflies, as they are used 100% of the time. Such parallel architectures have been presented in [14] - [17] . In recent work, an architecture called serial commutator (SC) FFT was presented in [10] . This architecture processes input samples in a serial manner with full hardware utilization where each sage of the FFT is mapped to a half-butterfly operation in hardware that requires 2 adders instead of the usual 4 adders of a butterfly for complex-valued data. For real-valued input data, various architectures have been presented in the last years [11] , [18] , [19] . As for complexvalued FFTs, butterflies in parallel architectures achieve a hardware utilization of 100% [18] . As data are real, the full hardware utilization in parallel real-valued FFTs is achieved with 2 adders instead of 4 needed in a complex butterfly operation. Conversely, current serial real-valued FFT architectures suffer from hardware underutilization [11] . The reason is the same as in complex-valued serial FFTs: Butterflies only need to be used half of the time.
In this brief we present a novel architecture, referred to as Real-valued Serial Commutator (RSC) FFT, to compute the FFT of a real signal where the input is processed in a serial manner. Unlike prior architectures, the proposed architecture achieves full hardware utilization where each stage of the FFT is mapped to a half-butterfly that operates on real inputs. This corresponds to only 1 adder/subtractor per stage of the FFT. It may be noted that such an architecture has never been presented in past literature.
This brief is organized as follows. In Section II we review the real-valued FFT. In Section III we introduce the circuits for data permutation used in the proposed architecture. In Section IV we present the RSC FFT hardware architecture. In Section V we compare the proposed RSC FFT to previous serial FFTs in the literature. In Section VI we explain the data reordering circuit for the proposed architecture. Finally, in Section VII we summarize the main conclusions of the brief. Fig. 1 shows the flow graph of a 16-point real-valued FFT. The flow graph consists of n = log 2 N stages. Each stage includes butterflies and rotations. The rotations are represented by the numbers in between the stages, φ, where each value φ corresponds to a rotation by:
II. THE REAL-VALUED FFT
The numbers at the input of the flow graph are the time index of the signal x [n] . The numbers at the output represent the frequencies k of the output X [k] . Finally, boxed numbers are the index (Idx) that we use to refer to the data at different stages of the FFT.
The real-valued FFT differs from a complex-valued FFT in two important facts [18] : First, all the inputs are real. Therefore, the flow graph only includes operations with real data until the edges arrive to a rotation. This corresponds to the part of the flow graph that is over the dashed boxes. Second, the real-valued FFT has the property that the spectrum is symmetric, i.e.,
. Based on this property half of the output frequencies do not need to be calculated. This allows for simplifying the flow graph, as is done in the figure. 1549-7747 c 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. III. CIRCUITS FOR DATA PERMUTATION The real-valued SC FFT uses two types of circuits for data permutation. First, Fig. 2 shows the basic circuit for bitdimension permutation of serial data. This circuit has already been used in previous SC FFT architectures [10] and in circuits for bit reversal [20] . The circuit consists of a buffer of length L and two multiplexers controlled by the control signal S. The signal S is obtained directly from the bits of an n-bit counter c n−1 , . . . , c 0 that counts from 0 to N − 1. For a buffer of length L = 2 i − 2 j , the control signal S is S = c i OR c j . From a data management point of view, this circuit simply interchanges two samples arriving in times t 0 and t 1 = t 0 + L if S = 0. If no interchange is needed (S = 1), data just passes through the buffer. The circuit has a latency of L clock cycles.
Second, for the RSC FFT we also need to interchange samples with different separations between them. For this purpose, we use the circuit in Fig. 3 , which is just an extension of the circuit of Fig. 2 . If we need to interchange samples separated by L 1 clock cycles, we activate S A = 01, S B = 1 and S C = 0. If we want to interchange samples separated by L 2 clock cycles, we activate S A = 00, S B = 0 and S C = 1. Finally, if we want that samples pass through the buffers, then S A = 10, S B = 1 and S C = 1. In the case of two different separations, L 1 and L 2 , the circuit has a buffer of length L 2 and a buffer of length
IV. THE REAL-VALUED SC FFT A. The RSC FFT Architecture Fig. 4 shows the proposed RSC FFT hardware architecture for N = 16. Each stage consists of butterflies, rotators and circuits for data management. Butterflies and rotators are marked with 1/4 as they only require 1/4 of the resources of a complex butterfly or rotator: 1 adder instead of 4 for the butterflies and 1 multiplier instead of 4 for the rotators. Note also that the first and last stages do not need any rotator. The circuits for data management are of the types explained in Section III. Thus, they are used to interchange pairs of data separated a number of clock cycles.
The structure of the butterflies is shown in Fig. 5 . Fig. 5 (a) shows the butterfly of the first stage of the architecture. It only consists of a real adder, two registers and a multiplexer. Following the idea in [10] , the circuit operates on samples that arrive in consecutive clock cycles: First it calculates the addition of the butterfly, and then the subtraction in the next clock cycle. The difference in this case is that data are real instead of complex. The timing diagram of the circuit is shown in Table I . It can be observed that the butterfly has a latency of one clock cycle.
The butterfly in Fig. 5(b) is used in stages 2 to 4. The only difference with respect to Fig. 5(a) is that the butterfly in Fig. 5(b) allows to bypass data. It calculates a butterfly most of the times, but is some cases data are bypassed. The latency of this butterfly is also 1 clock cycle. Fig. 6 shows the rotator used in the proposed RSC FFT hardware architecture. The rotator has three different configurations: To calculate a rotation of consecutive samples, to calculate a rotation of samples separated by two clock cycles and to bypass the input data. The bypass is the lower edge, whereas the rest of the circuit calculates the rotation.
A timing diagram for the rotator is shown in Table II . In this example, the rotator bypasses x 0 , x 2 , x 8r and x 8i , rotates x 4 together with x 6 , which are separated one clock cycle, and rotates together x 10r and x 10i , which are separated two clock cycles. The values of the control signals are shown in the table. Note that for x 4 and x 6 what is calculated is (x 4 − jx 6 ) · (cos(α 1 ) + j sin(α 1 )). This is the operation that occurs inside the dashed boxes of Fig. 1 . Finally, the latency of the rotator is 2 clock cycles.
For a general N, the hardware components of the architecture are calculated as follows. The architecture has one real multiplier per rotator and there are rotators in all stages except the first and the last one. Therefore, the total number of real multipliers is log 2 N − 2. Regarding adders, one real adder per butterfly and one real adder per rotator are needed. Therefore, the total number of real adders in the architecture is 2 log 2 N − 2. Finally, the memory for permutations is calculated as: If we add the internal memory in butterflies and rotators, the total memory of the architecture is N + 9 log 2 N − 19 real values. Fig. 7 shows the data management for the RSC FFT architecture in Fig. 4 . The stages and the letters A to K on the bottom of both figures match. They are used to indicate different points in the circuit. In vertical, Fig. 7 shows the order of arrival of the data at those points of the circuit. The first sample that arrives at a certain point of the circuit is in the upper edge, whereas the last one is in the lower edge. The exact time of arrival is shown in red under the letter t. The time of arrival of the first sample at each point of the circuit correspond to the total latency of the previous elements of the circuit, as shown at the bottom of the figure. For instance, the first sample that arrives at the input of stage 2, indicated by letter C), does it at t = 2, and this time is the sum of the latency of the butterfly and the shuffling circuit of the first stage, between points A and B, and B and C, respectively. Notice that the latency of the butterflies is 1 clock cycle, the latency of the rotators is 2 clock cycles, and the latency of the shuffling circuits corresponds to the lengths of the buffers in Fig. 4 . Finally, the figure includes the data index (Idx) that corresponds to Fig. 1 in black color , and the output frequencies, k, in blue color. For instance, the sample with index Idx = 6 at the beginning of stage 3 (letter F) arrives at time t = 11 and is the fourth sample to arrive at that point of the circuit.
B. Data Management of the RSC FFT Architecture
At stage 1, all pairs of data that must be processed together in the butterfly arrive in consecutive clock cycles. According to Fig. 1 these are the pairs with Idx 0 and 8, 1 and 9, and so on. Samples 0 and 8 arrive at times 0 and 1, and samples 1 and 9 arrive at times 8 and 9. To process them, the butterfly in Fig. 5(a) described before is used. The delay of the butterfly is 1 clock cycle. Therefore, the variable t at B is increased by 1 with respect to the values at A.
Between B and C there is a permutation circuit with buffer length L = 1. Therefore, it is used to exchange samples that arrive in consecutive clock cycles. This happens, for instance, to the data with indexes 8 and 4, which arrive at B at t = 2 and 3, respectively.
The butterfly and rotator computations of stage 2 happen between C and D. Some data are bypassed by the butterfly such as 8 and 12, which are rotated instead. Other data, such as 0 and 4 are mixed in the butterfly and then bypassed in the rotator. Notice that this corresponds to the computations for these samples in Fig. 1 .
The shuffling circuits at stage 2 are between D and E, and E and F. They are used to interchange data separated 2 and 1 clock cycles, respectively.
At stage 3, most of the input samples require the calculation of the butterfly, some consecutive samples are rotated and some samples separated 2 clock cycles are rotated, as shown in Fig. 7 . Therefore, all the configurations of the butterfly and the rotator explained in the previous section are used. Note that Table II describes the behavior of the rotator at stage 3.
The permutation circuit between G and H allows for interchanging data separated 6 or 7 clock cycles. This can be noticed in Fig. 7 .
Finally, stage 4 uses a butterfly with bypass, where only samples with index 2 and 3 bypassed. Table III compares FFT architectures for processing serial data. The table is divided into architectures for complex-valued data and architectures for real-valued data. Most architectures are for complex-valued data, but there exist a couple of previous architectures that process serial real-valued data. The table includes the area in terms of real adders, real multipliers and real sample memory, as well as the performance in terms of latency and throughput. As all the architectures process serial data, their throughput is 1 sample per clock cycle.
V. COMPARISON
To calculate the real adders and the real multipliers, we have considered that a complex rotator consists of four real multipliers and two real adders. In the table, the adders in the rotators are summed to the adders of the butterflies to obtain the total real adders.
The table shows that the proposed RSC FFT architecture requires the least number of adders, multipliers and memory. Compared to most efficient FFTs for complex-valued data, the RSC FFT requires 2/3 adders, half of the multipliers and approximately half of the memory. Compared to previous architectures for real-valued data, the proposed RSC FFT almost halves the number of adders, divides the number of multipliers by four, and reduces the memory. Finally, the latency is similar as in previous FFT architectures. Note that in the proposed architecture, the data memory size is reduced by at least one-third with respect to previous works. For large N, these memory savings may reduce the area of the circuit significantly. Table IV compares the proposed architecture to previous serial FFTs for real-valued data for N = 1024. The results in the table are obtained by using 65nm Low Power (LP) library at 1 V and 25 • C, and clock frequencies of 100 MHz and 500 MHz. The table shows improvements of 27% in area and 25% in power consumption with respect to previous approaches. The maximum clock frequency of the proposed architecture is f CLK = 500MHz.
VI. REORDERING THE OUTPUT DATA The output data of the RSC FFT is provided in scrambled order. Fig. 8(a) shows the reordering procedure for N = 16 data. The output order before reordering is shown by the first column of numbers. The reordering consists of three stages of permutations. The first stage places together the real and imaginary components of each output frequency. The next two stages sort out the frequencies. The circuit that carries out the permutation is shown in Fig. 8(b) . The first stage exchanges data separated by one clock cycle. The second stage interchanges data separated by 6 or 8 clock cycles and the third stage exchanges data separated by 2 clock cycles.
VII. CONCLUSION This brief has presented the RSC FFT architecture. This architecture calculates the real-valued FFT in a continuous flow of one sample per clock cycle. The RSC FFT presents a novel data management scheme that allows for a high utilization of butterflies, rotators and memory. This allows to reduce the amount of these components with respect to previous serial FFT architectures in the literature.
